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T H E  VAPOR PRESSURE OF ICE AND OF WATER BELOW 
T H E  FREEZING POINT 

By EDWARD W. WASHBTJRN 
551.57 : sa. s7g* 4 

[National Reclaarch CoUnCu, Washington. AW. a0,lOlCl 

INTRODUCTION 

This communication embodies the results of a critical 
examination of the available vapor pressure data on ice 
and supercooled water, and was, undertaken for the 
purpose of computing tables of va or pressures for inclu- 

the editor of the REVIEW, the author has adde some 
footnotes in further ex lanation of some of the thermo- 

?3 
sion in International Critical Tab P es. At the re uest of 

dynamic principles use $ . 
THE VAPOR PRESSURE OF ICE 

In  preparing a table of vapo? pressures of ice the 
older investigations on this subject can not be taken 
into account, owing, if for no other reason, to lack of 
definition of the temperature scales employed by the 
investi aton. In  computing the table given below, I 
have t % erefore based the calculations on the concordant 
measurements by (1) Weber (in the physical laboratory 
of the University.of Leyden) and (2) &-heel and Heuse 
(at the Reichsanstalt). These investigations cover the 
ran e -100' to 0' C. 

d i e  interpolation equation for this temperature range 
was obtained by integrrqting the Clausius-Clapeyron 
equation 

dT- (v - V) 1' 
using the best available thermal data, as set forth below-. 
In inte atin the equation the perfect gas law was 

volume, V,  of the solid, was at  first included in the 
inte ation. It was found, however, that the terms to 

integral was finally obtained in the following form: 

dP - L, (1) 

assume d @ B  for t e vapor and the term T7dp, involving the 

whic T it gave rise in the integral were negligible. The 

loglop=-+B A logloT+CT + D T a + I  
T 

where T is the absolute centigrade temperature and A, 
B, 0, D, and Z are constants. 

The copstant A was based upon the latent heat of 
vaporization of ice at  0' C., which was computed froni 
Dieterici's value for the latent heat of vaporization of 
water at Oo (i. e., 2493 Int. Joules er gram) and Pick- 

of ice a t  0' (i. e., 79.76 f 0.02 cal.,, per gram). 
The constant B was based upon the value 0.5057 

tal.?,, the heat ca,acity of ice per gram at 0' C. and 
the value 0.457 cal., the heat capacity of water vapor 
per gram at Oo C. 
The integration constant, I ,  was evaluated by taking 

the well-established value =4.579 mm. a t  O', and the 

values for p, one in the neighborhood of -looo based 
upon Weber's measurements and the other in the neigh- 

inson and Osborne's value for the P atent heat of fusion 

constanh C and D were ev 3 uated from two experimental 

-- 
'P'V8 O r  presSW T-SbSOlUb hlper8 tW z d 8 b n t  heat Of sublimation per 

grsm-mO& D V-ordobarlo volume# per gram-inole for the vapor and 11 uid, r e s ~  
t in1  F a  simple derivation of thla equation. gee W88hbm's "Prlnci&s of Phga- 
ddriemistry/s a. 

Dickinson 8ngOsb-, Bull. Bm. Stands. 12.76 (1916). 
8 Dlcklnson and Osbom. loc. clt. 
6 Estimated. 
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borhood of - 50' based upon concordant measurements 
by Weber and by Scheel and Heuse. 

logl0p = -22445'5646 T 

The equation thus obtained is 

+8.2312 loglOT 
-0.01677006T+ 1.20514 X 10-5.T2-G.757169 (3) 

Using this equation to obtain palo, a deviation raph, 
p o a l o - ~ o b a ,  WRS then pre ared and is dis layed in bgure 

satisfactorily esprwses the experimental data throughout 
the reaion from - 100' to -20'. Between -20' and 0' 
the oiay mtensive esxperimental data available are those 
of Scheel and Heuse, which deviate rather widely from 
t,he cdd i l t ed  values for this region. 
by the siuiie authors, attention is c d e d  to the fact that 

1. An examination of t li 's graph shows t K at the equation 

In a later paper 
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our knobvledge. of the relation lwtween the platinum scde 
(lil~bt,inuni-resisr;ance tliermomoter) and the gas-ther- 
niometer scale in this interrul is still in :I very unsatis- 
factory stirte and that consequently tlie nietlsuremenh in 
this region require revision. Sonic such revision appears 
to have been macle hy tlie IteichsanstP.lt, for, in the recent 
book by Holborn, Sclreel, a i d  Henning c uite different 

is not indicated, but, judgina from the discussion referred 
to above, the revision is yeamps based upon a modifica- 
tion of the Cdlender interpolation equation for the 
platinum-resistance thermometer. Their revised values 
are also plotted in Figure 1. While the revised values 
agree soinewhat better with equation (3), the differences 
are now in the opposite direction and are still much larger 
than can be accounted for by any ob-rious source of error 
in the pressure nieasurements. 

FIU.  1 

values i:re civen for the v-11 )or pressure o z ice between 
-50' and 0 . Thc nature o !€ the revision made by them 



OCTOBER, 19% MONTHLY WEATHER REVIEW 489 

It seems, therefore, necessary to reject the experimental 
data in this region on account of the uncertamt in the 
temperature measurements and to assume t K a t  the 
calculated values are the correct ones. This is the more 
ustifiable since the equation has a sound thermod namic 6 asis and the constants C and D, which are the on J ones 

determined empirically, have practically no i uence 
u on the calculation in this region; that IS, the omission 

I for this range gives an equation yielding substantially 
the same values of p .  

o P the terms containing C' and D and a reevaluation of 

THE VAPOR PRESSURE OF LIQUID WATER BELOW THE 
FREEZINQ POINT 

Having established the vapor pressure table for ice, the 
most rehable method of arriving a t  the valu- for the 

ressure of undercooled water is through the 

vapor pressures. This relation, which is a direct con- 
sequence of the Second Law of Therm~dynsniice!~ is : 

thermo lrapor B ynamic relation which connects the two seta of 

- L,a T 
d log, log. r = ___ PI RTa (4) 

where p ,  and pl are the respective vapor pressures of 
water and of ice a t  the absolute temperature T, LF is 
the latent heat of fusion per mole of ice a t  T" and R is 
the gas constant. In  order to integrate this equation, we 
must first ax reas LF as a function of the tern erature. 

function : 

where t is the centigrade temperature, and a, b, and c are 
constants which can be obtained and numerically evalu- 
ated from the following empirical relations: 

8, = 1.0092 - 0.001080 t + 0.000036 t' (6) 
where sw is the heat capacity of liquid water in cd.,, per 
gram: 

ttI=0.5952+0.001861 t (7) 
where 8,  is the heat capacity of ice 

h=18 .015  (s,-sr)=a+bt+cta (8) 
9) 

LFo = 1435.5,'O cal.,, mole-' (101 

The Law of cp onservation of Energy gives us the P ollowing 

LF=LFo+d+1/2 bta+1/3 CP (5) 

in the same units: 

= 9.079 - 0.05300t + 0.00065P 
and 
- 

7 The Second Law of Thermodynamics is the mathematical formulation of the principle 
that the autogenous flow of heat is always from a higher to a lower temperature never 
in the reverse direction. Thls law, applied to the vaporhtfon of a solld or ;liquid 
having a low vapor preoaure. ylelds the relation (Washburn, loe. dt.): 

d log. p - g T  R P  
where p L the 'PB ~ I W S ~ *  L the latent heat of vaporlation per male (both at To 
awute); and R E h e  p d t a h .  Thus, for ice and water, reapectivdy. this equtlon 
-mea U T  d loge p 1 - m  
and 

subtractlug the lint equatlon from the second givffl us equation (4). since, according 
to the law of the wnservatlon of energy, 

L.-L=b 
 he oonawvation law dso givea M the relation 

the integral of which In our 
Q loOe)] at be C and -6'C. 

0 C. 

uation (6). (Vide Washburn loc. at., p. 807.1 
I Nllmerlcrl ooefibbnb d%md from the data of Barnes and Cooke [Pbys. Rev. 28. 

I!&pmtlon ob& by Dlokhon and Osborne. loc. dt , valid between -4V and 
18 RomthedetermlnatlbyDkkinmmand Osborne,loo.oit. 

21945-24t- 2 

Combining equation (5) with (4), integrating, expand- 
ing the logarithm term in powers. of t, and performing 
the divisions indicated so as to obtain all terns except 
the first in powers of t, yields findly the relation, 

Putting R -1.9869 cal.,, deg.-l mole-', To =273.loC, 
and evaluating u, 6, and c, as indicated above, gives 
finally 

- 1.330 X lo6 P + 9.084 x 10- f - 1.1489t 
IOgm pw (273.1 + t )  

- 1.08 x 104 r+ioglO p ,  (12) 

It will bc noticed that no vapor pressure data are 
re uired in deriving this equation. 

%or an accuracy of 0.001 mm. Hg, in the value of p,, 
the t4 term is ne Ggible down to  -40°, the t3 term down 
to -1l0, and t f e P term down to -2'. All of the 
numerical constants in the equation are known to two 

are required for an accuracy 

THE VAPOR PRESSURE OF ICE UNDER ATMOSPHERIC 
PRESSURE 

The measured values of the vapor pressure of ice and 
the table given below, which is based upon these values, 
are for ice under its own vapor ressure. In contact 
with the atmos here, ice has a L h t l y  higher vapor 

fn  order, therefore, to obtain the vapor pressure o ice 
under atmospheric conditions, it is necessar to add a 

This correction expressed in per cent, 100 zs is given by 

P ressure than w R en in contact only with its own va or. 

small correction to the values given in Tab 9 e 1 below. 

I 
the equation 

where Via the molal volume of ice a t  T" abs. and B is the 
V is in general a function. of T, 

average value the above equation 
purposes, be written 

& 20 
loo P =Ti (14) 

Thus, for example, to find the vapor pressure of ice at 
- 5' C., imder atmosphenc pressure, 

20 100 $ = 268 a0.07575 
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TABLE 2.-The vapor pressure of liquid uukr from -18' C. to 0' C. from Table 1 we find p =3.013 at  - 5 O ,  which, increased 

0.7 0.8 
--- 

1.m 1.845 
l.472 1.460 
1.699 1.685 
1.734 1.720 
1.878 1.888 

2Os4 2018 
2201 2184 
2 3 8 0  2 3 6 2  
2 5 7 2  2.653 
2.778 2757 

vapor ressure of ice in 
a t  -5' d: 

THE VAPOR PEESSUBE OF WATER IN EQUILIBRIUM \VI= 
THE ATMOSPHERE 

Just as in the case of ice, the va or pressure of water 

pressure when in contact m t h  its own vapor .only. For 
water below Oo C. the correction may, for all practical 
purposes, be computed from equation (14). For higher 
temperatures, the following more esact equations mny 
be employed: 

1 0 0 ~ = 0 . 0 7 7 5 - 3 . 1 3 x l 0 ~ t  (validuptot=40° C.) (1.5) 

and ' 

in contact with the atmosphere 8 lffers from its vapor 

2, 

0.9 

1.334 
1.449 
1.672 
1.705 
1.848 

ZOO1 
2167 
2.343 
2633 
2 7 %  

In these equations both the ,effect of the external 
pressure, as such, ani1 the effect of dissolved air are 
taken into account. At high temperatures (7Oo-8O0 C.1 
this correction amounts to more than 0.1 inin. 

TABLE 1.-The vapor pressure of ice 
Computed from the equatiou 

loglg- -+~.SIZ logm T-0.01~77006 ~ + i . m 1 4 x i ( r ~  T*--6.757169 T mm. ~ g .  

Based upon the measurements of Weber (Comm. Phys. Lab. Leyden Nn. 150, 37 

- 

19151) and Bcheel and Heuse (Ann. Physik 29,731 [SOLI]). 

!f=273.l+t 

-90" to -W. unit, 0.001 mm. H g  
- -- 

l t ( 0 l l l 2 l 3 ( 4 l 5 l 6 l - 7 J l (  I 9 1 
------- L--- I---- 

2 1 3 4  
2307 
2495 
2.695 
2.908 

3.139 
3.384 
3.647 
3.927 
4.227 

4.546 

-90 0.070 0.05s 0.048 0.02s 0.018 0.016 0.01r 
-80 0.40 0.34 0.29 0.14 0.12 0.10 0 . a  
-70 1.94 1.67 1.43 0.77 0.66 0.56 0.47 

e c. 

-80 3.48 3.02 2.& 3.25 1 s a  

-30 235.9 257.6 231.8 150.7 135.1 120.9 108.1 

12.1 10.6 09.25 I -m 29.5, 2 2382 
-40 96.6 86.2 76.8 g:: 42.6 37.8 33.4 

2116 2098 2 W 4  2067 
2289 2271 2.M 2236 
2475 2456 2.437 2.418 
2674 2654 2.633 2.613 
2.887 2.866 2843 2822 

3.115 3.092 3.069 3 . W  
3.359 3.334 3.309 3. asrl 
3.620 3.593 3.567 3.540 
3.898 3.871 3.841 3.813 
4.188 4.165 4.136 4.105 

4.513 4.480 4.448 4.416 I 

-30' to on. mm. He 

a 4  

I. 301 
1337 
0.374 

D. 457 

0.605 , 
0.658 

0.678 
0.747 

0.904 

1.091 
1.196 

1.312 
1.437 
1.574 
1.723 
1.883 

2057 
2 .16  
2450 
2.672 
2912 

3.171 
3.461 
3.763 
4.019 
4.431 

~1.414 

0.615 

0.922 

0.m 

t 

0 c. 
-28 -as 
-27 
-26 
-25 

-24 
-23 
-22 
-21 

-19 - 18 - 17 - 16 
-15 

- 14 
-13 
-12 
-11 
-10 

-9 
-8 
-7 
-6 
-5 

-4 
-3 
-2 
-1 
-0 

- 

-20 

- 

-- 
0.5 ~ 

-- 
0.301 
0.334 
0.370 

0.453 

0.500 
0.552 

0.672 
0.740 

0.885 

1 . m  
1.186 

1.300 
1.424 
1.559 
1.707 
1.888 

2.039 
22Bl 
2429 
2649 
2887 

3.144 
3.422 
3.723 
4.046 
4.395 

0.409 

0.609 

aeir 
a w  

-- 
ao I a i  
-- 

I 
1.317 

L 430 
L 476 

3.528 
D. 580 
D. 640 
D. 705 
0. 776 

D. 854 
0.839 
1.031 
1. l32 
1.241 

1.361 
1.490 
1.634 
1.786 
1.950 

2 131 

2 637 
2 765 
3.013 

3. !a0 
3.586 
3.m 
4 P 7  
4.579 

8.326 

I314 
I. 3is 
I. 385 
I. 426 
j. 471 

L a o  
l. 574 
1.633 
3.698 
D. 769 

m 846 
D.930 
1 . 0 1  
1.121 
1.230 

1.348 
1.477 
1.617 
1.769 
1.934 

2308 
2616 
2 742 
2 0S7 

1 i ia 

3. a52 
a m  
3.848 
4.182 
4.649 

0.2 

D. 311 
D. 344 
0.381 
a422 
a467 

0.515 
0.569 
0.627 
0.691 
0.761 

0.838 a wi 
1.012 
1.111 
1.219 

1.336 
1.464 
1.602 
1.753 
1.916 

2093 
2286 
2. 493 
2 718 

3.225 
3. SW 
3.810 
4.147 
4. Ea 

a em 

- 

0.3 
-. 

3.307 
D. 341 
D. 377 
0.418 
D. 462 

0.510 
0.565 
0.831 
0.685 
0. 754 

0. 830 
0.912 
1.002 
1.101 
1.208 

1.324 
1.460 
1.588 
1.737 
1.888 

2.075 
2260 

2 695 
2 937 

3.198 
3.480 
3.785 
4.113 
4.467 

a. 472 

- 
I.298 

3.366 
3.405 
3.448 

D. 495 
D. 547 
D.m 
D. 665 
0.733 

as08 
0.887 
0.975 
1. 070 
1.175 

1.288 
1.411 
1.546 
1.691 
1.849 

2 021 
2.207 a 408 
2.828 
2.862 

3.117 
3.393 
3 . 8 1  
4 012 
4.359 

1. am 

- 

0.7 
- 
a 295 

a 401 am 

a327 
0.363 

0.490 
0.541 
0.597 
0.659 
0. i% 

a 789 
0.8'18 
0. 966 
1. OM 
1.181 

L 276 
1.386 
1.535 
1.67f 
1 . m  

Zoo: 
2 18; 
2 %  %eo: 
as31 
3. 09: 3.w 3.w 
3.9n 
4.32 - 

0.8 
- 
axaz a 324 

a 397 

a 4~13 

a m a ti52 

a 870 a 956 
1. a51 

0.359 

0.439 

a 536 

0.719 

0.791 

1.153 

1. !284 
1.386 
1.518 
1.881 
1.817 

1.985 
2 188 
2 367 
2 581 
2 819 

3.085 
3.330 
3 . w  
3. w 4.m 
- 

I 
0.9 , 

-! 

am 
a310 ' 
0.393 i 
a355 

a435 I 
a481 

0.586 
0.646 

a i83 

1.041 
1.142 

1.253 
1.373 
1. ,504 
1.646 
1 . m  

1.968 
2 149 
2346 
2.558 
2790 

3.058 
3.308 
3.598 
3.913 
4.262 

0. 531 

a 712 

a 862 a 947 

- 

(in mm. Hg) 
Computed from Table 1 with the aid of the thermodynamic equatlon 

- 
t 

c. - 15 - 14 
-13 - 12 
-11 

- 10 
-9 
-8 
-7 
-6 

-5 
-4 
-3 
-2 
-1 

-a 

- 
0.0 

1.436 
1.560 
1.691 
1.834 
1.987 

2 149 
23m 
2 5 1 4  
27111 
2931 

3.163 
3.410 
3.673 
3.956 
4.258 

4.579 
- 

1.4% 1.414 1 1.402 ~ . a m  1.379 
1.547 1.534 I 1.523 1.611 I. 497 
1.678 1.665 1.651 1.637 1.624 
1.819 1.801 1.780 1.776 1.761 
1.971 / I / /  1.955 1.839 1.924 1.908 

0.6 
- 
1.368 
1.485 
1.611 
1.748 
1.893 

2w 
2 219 
2 399 
2 693 
2sal 

TEMPERATURE LAG OF T H E  OCEANS 

sc'm 46 By W. J. HUMPHREYR 

[Weather Bureau. Washington, D. C.] 

From time to time we see the assertion that any a pre- 
ciable change in the tem erature of the ocean, SUCK, for 

stant, persist,s, in large measure, over a period of years. 
These assertions, however, are not backed up by sound 
theory, but based, if upon anything at all, upon a few 
observations, which, for the particular long-range fore- 
cast, or other objects in view, it is convenient to assume 
es  lained in the alleged manner. 

!t may be he1 ful, therefore, to compute, according to 

ablv may expect such lags to be. 
Owing to \vavc action and convection, tern erature 

penetrate in ap roximatel full magnitude to an appre- 

meters, and that beyond this depth there is no change. 
It is believed that this assumption is of the proper order. 
Anyhow, the results will be correct to within an esperi- 
mental factor. 

As is well known, the earth maintains its average bal- 
ance between heat gained and heat lost, by radiating, in 
amount, as would a black bod of the same size at the 

the average, temperature changes are roughly the same 
at the surface and all the way up throu h the tropos- 

iPthe surface of the earth should be kept at a sl' htly 

body temperature would also be altered in the same sense 
and to about the same extent. 

The surface temperature of the land has a shorter time 
lag than that of the ocean, owing to ermanency of posi- 
tion, lack of convection, and the s m d ,  as compared with 
water, specific heat of soil and rock. Actually, therefore, 
the temperature lags of the earth as a whole are less than 
they would be if there were no land at all, but for islands 
and many coastal regions not greatly less. Hence, to 
obtain the upper limit solution of the problem this land 
effect will be omitted. Perhaps this effect can best be 

instance, as might result P roni a change in the solar con- 

known physical P a m  and constants, how great we reason- 

changes of the ocean are not confined to the sur P ace, but 

%or calcu 9 ation it is here tentatively 
ciable assumed degh. t at an exactly equal change estends clown 20 

absolute temperature 260O.' 9 t is also known that, on 

s here, or convective portion of the atmosp % ere. Hence, 

Merent  temperature than heretofore, its planetary b i ack- 

1 Abbot and Foab. Annab Ash.ophya. Obs. Bmitbsonlan Inst., 2. p. 176. 


